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XXXIX. A Letter to the Right Honourable
Hugh Earl of Marchmont, F. R. . con-
cerning the Sections of a Solid, bitherto
not confidered by Geometers s from William
Brakenridge, D. D. Reéfor of St. Michael
Baffithaw London, and F. R. S.

My Lord,

Read Dec. zo, OUR knowlege in Geometry, and

1759- Y the other Sciences that depend up-
on it, makes me prefume to lay before you the fol-
lowing fpeculations.  Your benevolence to all philo-
fophical Inquiries encourages me, and the perfonal
regard I have for your Lordthip induces me to do
myfelf this honour; and tho’ what I offer at prefent
may be of no great confequence, I am perfuaded,
that every little acceffion to our knowlege will give
you fome pleafure, as you very well know, that all
our improvements in {cience are flow, and from
{mall beginnings. You have here a new method of
confidering {fome geometrical curves, from the fec-
tions of a folid, hitherto not taken notice of, and by
which, in particular, you will fee, that the two in-
finite curve lines from the fecion of the cone, are
alfo the fections of this ; which may be of fome ufe,
as it feems to extend our views of their nature and
properties. ‘The defcription of it is very eafy and
obvious, and it has fomething remarkable in its
form, that tho’, in the moft fimple cafe, it is gene-
rated and bounded by right lines, the furface is in-
curvated. ‘The folid is thus defcribed.
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Let DN be a right line drawn on a plane, and a
point given A at any diftance from the line, from
which having raifed, above the plane, the right line
AM in any given angle, and drawing from the fame
point A the line AD, meeting the line DN on the
plane in D, make another plane M N R to move pa-
rallel to itfelf, and to that line AD in a given angle
to the firft plane; and then, fuppofe the interfeGtions
of it M, N, m, n, &c. with the lines AM and DN,
to be continually joined with right lines M N, m n,
&c. and there will be generated an incurvated fur-
face by them, and bounded by the lines AM, M N,
ND, AD. PiateX. Fig. 1.

The fame furface will be defcribed, if a line MN
be fuppofed to move in fuch manner, along the lines
AM andDN, that the parts AM and DN be con-
tinually in a given ratio. For let a plane be drawn
thro’ the raifed line A M, perpendicular to the given
plane ADN, and their common interfection be the
line AR ; then having joined the points A and D,
from the point N, while the line M N is moving, let
there be continually drawn a line N R parallel to
D A, meeting the line of interfetion A R of the
planes in R, and the proportion of DN to AR will
always be given, But as the ratio of DN to AM is
given, the ratio of A M to. AR will alfo be givens;
and the line RM being drawn, the angle A RM will
be given; and therefore the plane of the triangle
MRN will move parallel to itfelf, and to the line
A D, making the given angle M R A with the plane
ADN, and the line MN will generate the fame
furface as before.

It
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It is evident this incurvated furface may be infi-
nitely extended on all fides beyond the lines A M,
MN, ND, AD, and as well below the given plane
ADN as above it; and therefore the various fections
of it, if continued, will be infinite lines.

The line AM, raifed above the given plane ADN,
may be called the vertical Directrix. _

And if thro’ this direGrix A M there. be drawn a
plane AMR in any given angle to the plane ADN,
nterfecting the moving plane NMR in the line
MR, and meeting the given plane ADN in R;
then the points A, R, and R, N, being joined, there
will be a trapezium AR N D, formed, that may be
named the Bafe, and in which the line D N may be
called the Dire&rix of the Bafe.

And the plane AMR paffing thro’ the vertical
direrix and the moving plane M N R, together with
the bafe ARN D, and the curve furface, will make
a folid AMRNDA, fomething in the form of a
wedge.

In this folid there may be made five feCions in a
given angle with the bafe, or parallel toit; viz, one
parallel to the moved plane ; one parallel to the di-
rectrix of the bafe ; another parallel to the vertical
direCtrix ; a fourth parallel to the bafe; and a fifth
interfeGting both the dire&rices. And in all thefe
cafes, when the direrices are right lines, the fections
will be either the conic hyperbola, or the parabola,
or right lines.

1t, If the folid AMRND A be cut by a plane
parallel to the moved or generating plane NMR, or
the line AD, the feGtion will be a right line, This
is evident from the defcription, Fig. 1.

2,
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2. If the fe@ion be made by a plane BP O parallel
to the dire@rix of the bafe DN, and in any given
angle to the bafe, it will be an hyperbola, Fig 2.

Let the feGtion PBO meet the bafe in the line
BO, which will be parallel to DN, and make the
moving plane N MR interfe&t the bafe in NR, the
vertical direétrix in M, and the feGtion in PO; by
which D B=NO. From the point M draw MR
parallel to P O, and imagine a plane to pafs through
the direGrix AM and the line MR, meeting the
bafe in AR ; which will be given in pofition. Then
thro’ the point A draw A Q, parallel to DN, inter-
fe&ting NR in Q, and making N Q=AD; and the
two triangles ARQ, AMR, will have all their
angles given, and the proportion of their fides. And
therefore the ratio of AQ_to QR, and of AQ to
MR, will be given. Make AD=2, BD=4,AQ:QR
::a:9, and AQ: MR ::a:m, the abfcifie B O=x,

and the ordinate PO =y ; from which QR::ny

N R-_—_a+.9_af M R=%f And then from the fimi-

lar triangles NO P, N MR, the analogy NO:OP
::NR:MR will give the equation y x g-++y a*=x6m,
and the curve B P is an hyperbola.

3. Ifthe feGtion P B be made by a plane parallel
to the vertical dire¢trix A M, it will be an hyperbola.
Fig. 1.

iet the moving plane MR N, parallel to D A,
interfe@ the bafe in R N, and the vertical direc-
trix in M, and make the plane of the fe¢tion BP O
cut the moving plane NMR in PO, and the bafe
in the line BO, meeting DA inZ, and the bafe di-
reGrix DN in B; from the point M draw the line

Vor,LL Mmm MR
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MR parallel to the plane of the fection, and meeting
the bafe in R ; and the lines MR and P O will be
parallel. Then thro’ the vertical A M, and the line
MR, make a plane to pafs, which will be parallel to
the fe&ion, interfecting the bafe in AR, and the
lines AR and B O will alfo be parallel. Draw BL
parallel to DA, or NR, paffing ARinL, and
then BO=LR, BL=RO=AYZ, and AL=BZ.
And the line AR being given in pofition, the lines
BL and AL will be given. Theangles alfo MAR
and N BO being given, the ratio of AR to RM,
and of BO to ON, will be given. Suppofe AD =
=BL=a, A L=c the ablciffe BO=x, the ordinate
PO=y,and AR:RM::2:m, and BO:ON::a:7,

from which we have ON_’—’; RM__mc-]-mx

NR=4a +7‘ And then, in the triangles on the

moving plane, which are fimilar, MR N, PON,
the analogy NO:PO::NR:RM will produce the
equation y @347 x @ y=x*n m+x nm ¢ ; which thews
the curve BP to be an hyperbola; and the figure is
convex to the bafe.
4. The fection being made parallel to the bafe, it
will be the fame curve. Fig. 3
Having thro’ the vertical dire€trix made a plane
A MR to pafs perpendicular to the bafe, let the fec-
tion BP O, and the bafe parallel to it, meet that
plane in the lines BO and AR, and alfo the moving
plane NMR in the lines PO and N R. From the
point A draw A Q_parallel to the direGtrix DN of
the bafe, and A D parallel to NR, and from B the
line BC parallel to OR, meeting AR in C; ind
then
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then the lines AD, AC, and BC, will be given,
and the angles R AQ, M AR, being alfo given, the
proportion of AR to QR, and of BO to MO,
will be known. Make AD=a, A C=c, the ab-
{ciffe BO=x, the ordinate PO=y, and AR:RQ_
::a:q; from which we have MO: MR ::x: 2~

+6 QR =2E1% And becaufe, in the fimilar

triangles MP O, and M NR, in the moving plane,
we have MO:PO::MR:R N, there will refult
the equation yx a4+ yca=x*q+ xc g+ xa*;
which denotes the curve BP to be an hyperbola.

§. If the fection is made fo as to meet the two di-
reCtrices, the curve will be alfo an hyperbola. Fig. 4.

Let the feGtion B P O meet the dire&rices in B, »,
and interfet the plane of the bafe in the line BO;
and make the moving plane N MR to be cut by the
fection in P O, and to meet the vertical dire&rix in
M. Then from the point M draw M R parallel to
PO; and thro’ the lines A M, MR, imagine, as
before, a plane to pafs, interfecting the bafe in the
line AR 7, and meeting the line BO in 7, and the
feGtion in m». And from A draw AD parallel to
N R, and AQ_to DN and thro’ » make 7 paral-,
lel to NR, and to meet AQing, and DN in 2.
Draw alfo from the point B the line B C parallel to
AD, and meeting A Q_in C. The lines then A g,
Ar,mr, rq, Br, Bn,rn, will be given. Make
therefore AD=4=BC, AQ:QR::2:7,and AQ: RM
i:a:my Br:Bn::a:b, Brirn:ia:n, AC=DB
= ; the abfcifle B O=x; the ordinate © P=y. From.

nx

which we have BN=?;?-’, ON=", AQ=c+
~ bx
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then, in the fimilar triangles N P O, MR N, having
NO:PO::NR: MR, the equation will be ya++
yca*qtyxbag=nmcaxtnmbx®. And the curve
is an hyperbola; and in the cafe of this Fig. 4. it
will be convex to the plane of the bafe. But when
BN is negative in the cafe of Fig. 5. the equation,
retaining the fame fymbols, will be y a%4-yg ¢ a>*—
yxbga=mncax—nmbx®; and the hyperbolic
curve will be concave towards the bafe.

6. If the vertical direGrix AM is made parallel
to the plan of the bafe, but the plane paffing thro’ it
not parallel to the other dire€trix, then the feion,
meeting the two direéfirices, will alfo be the fame
curve. Fig. 6.

For in this cafe the line MR is a conftant quan-
tity ; and therefore, if the common fe&ion 2R of
the plane thro’ the vertical A M, with the bafe, meet
a D parallel to N R in 4, other being as before,,
making MR=m, and Ds=a; from the analogy
N O:PO::NR:MR inthe trianglesNOP, MR N,
we fhall have mnax=ya*+yacqtyxqb; by
which the curve is known to be an hyperbola,

And in all thofe feions, where the common
interfeGtion of the plane, pafling thro’ the vertical
with the bafe, is not parallel to. the other directrix,
the curve is an hyperbola. A

. But now, if we fuppofe the common interfec-
tion A R of the plane paffing thro’ the vertical, with
the bafe, to be parallel to the directrix DN of the
bafe, and both direrices to be cut by the fection,
the curve will be a parabola, Fig. 7.

For
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For, in this cafe, the two lines AR and A Q_ce-
incide, and AR is parallel to the direGrix DN of
the bafe ; and therefore, ufing the fame fymbols as
above, the equation, from Fig. 4. will be reduced
to yat=nmcax+nmbx*; and from Fig. s. it will
come to ya*=nmcax—nmbx*; both which fhew
the curve to be a parabola.

It may alfo be demonftrated in this manner. It is
evident, that PO:mr::POxMR:m»rxMR, that
is, the ratio of P O to m~ is equal to that compound-
edof PO: MR, and of MR:m . But from the
fimilar triangles MR N, PON, we have PO: MR
::NO:NR==#r, and from the triangles BON;
Brn, we have BO:Br::NO:nr; therefore PO:
MR::BO:Br. In like manner, from the equi-
angular triangles M R A, m r A, there will be
MR:mr::RA:rA, and from the trianglesR O r,
ZAR, itisRA:rA ::Oz:rz; therefore MR:
mr;:og:r 2. If then in the ratio of POxRM
to mrxMR, we fubftitute the ratio of BO:B 7,
and of O z:rz2, which are equal to PO: MR,
and MR:mr, we fhall have PO:mr::BO xo02:
B r x r z; which is a known property of the pa-
rabola. _

And thus I have endeavoured to extend, a little,
the Theory of the conic fections. I have here thewn
how two of them may be had from the feltions
of this folid; and in the year 1733, I publifthed,
in my Exercitatio Geometrica, a method of defcrib-
ing all of them on a plane, by the moving of three
right lines about three given points, two of the inter-
fe&tions being drawn along two other lines given in
pofition ; the only hint of whiclh I had from a geome-

tric
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tri¢ locus, in the conftru&ion of a clock, by the
celebrated M. De la Hire, in the French Memoires
for the year 1717, intituled, Conftruction &une Ho-
rologe qui marque le vrai tems avec le moyen.

Having now briefly confidered the various feGtions
of this folid, the direGrix DN of the bafe being a
right line, let us next fee what they are when it is 2
curve line of any order. But becaufe there are an
infinite number of cafes, it will be fufficient to men-
tion a few of them, when that dire@rix is a conic
fection or circle, and then to give a general propofi-
tion when it is any higher geometrical curve.

8. If the diretrix DN of the bafe be a parabola,
having a diameter parallel to the interfeGion A R of
the plane, paffing thro’ the vertical A, and other
things being as before, the fection B P will be a line
of the third order. Fig. 8. _

Let the diameter be D L #, the ordinate N 7, and
the equation of the parabola #*>=zp, and make the
moving plan M N R to pafs thro’ the ordinate N »,
and the feGion to interfect the bafe in B O, and the
diameter in E. From the points B and D draw BL
and D C, parallel to N'O, and meeting the lines
ARand D7 in Cand L. Then fuppofe AR:RM
::a:m, and BO:L#::a:n, AC=c, DC=d, BL
=b, D L=/, BE=e, N n=u, D n=z, the abfcifie
B O=x, the ordinate P O=y; and we have L n=z

nx bxu—e MR__:mca.»xz:

— p ——1 - n i —_——y

mca-.]—m;l%-nxm andu,,:apl-{a-'pxn. But
from the fimilar triangles N P O and N M R we have
this proportion NO:P O;:NR: MR, which gives

the
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x—beXmcat-maldnmx—dyate __
ya'e—mcae—male—nmxe

u=F _‘_.ﬂ;:.ﬁ_f_”; and this being reduced, fhews,

that the fection P B is a line of the third order.

9. If the directrix D N be a circle, and other things
being as before, the fection will be a line of the
fourth order. Fig. o.

Make the center of the circle to be in the line
DL # parallel to A the ordinate to be N#=uz,
the abfcifie D #» = 2, the radius =7, and the equa-
tion #*=27 2—2% And let the plane pafling
thro’ the vertical, cut the bafe in A R, and the fec-
tion meet the diameter DK in E. - Then the fame
things being fuppofed, and the fymbols retained as
ald-xn

a

bx—eb qac al nx
n0=12"2f Q R = 2echaeldens pp o

ma"l‘jf('“"l‘”’”l’" erla'—-l—zrxna—-x’n’—zalnx—-a’l‘
g s o T ATERA T
=u. And the analogyNO:PO :: NR: MR will
. . o mactmald-mnx  be—bx
give this equation, o X — 4
ya*dt+ygactyqaltyqgnx _mac+mald-mnx—a’y
a* — &
% \/2r1a’+2 rana—x*n*—2alnx—a*l*, from
az . . ,
which it appears, that the curve BP is a line of the
fourth order.
And in general it may be feen, that if the direc~
trix of the bafe be a conic fection, except in the cafe
above, the feGion of the folid will be a line of the

fourth order,

the equation b

before, we fhall have L n = 2z —/ =x—a”; 2=

I0.
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10. If the vertical be parallel to the bafe, and the
plane paffing thro’ it perpendicular, the directrix of
the bafe being a circle, having its center in the inter-
feGtion A R of the two planes; then the folid will be
the cono-cuneus of the learned Dr. Wallis, and the
various curve feCtions of it will be alfo lines of the
fourth order. Fig. 10.

In this cafe, the quantitics Q R and D C will
vanith, and making M R = m, the equation,
retaining the other fymbols, will be m — y x
erxna+ 2rla"—x"—-2xnla——a"1"=mxlb—'xb‘

a* e
And here it is furprifing that the great Dofor, while
he was confidering his folid, did not fall upon the one
I have explained ; but indeed, in fearching after new
difcoveries, we are often like thofe, who, groping
in the dark, mifs the things that are neareft them.

11. To conclude, if the dire@rix D N of the bafe
be a line of any order #, the fection B P will be of
the order 2 #n.  Fig. 11. _

In the equation of the curve dire@rix D N of the
bafe ww=Az"+B2"'ut Cz'—*uw*+D "3 w3
&c. make the abfciffe D#z==2, and the ordinate
N n=u; and draw A Q parallel to D #, and then,
other things being as before, the analogy NO:P O
:: NR: MR will be thus exprefled, » 4
bx_e eb.y::u+d+ qnx-}-q;l—{—qat:nmx-}-mfl—[—m;a;

: a
from which we thall have # =
eb—ﬁxnm_x-l—mca-{--mal_*_da’y+nqu+q,aly+qyac
emaltemnxtmace—aey mnx—+tmac—a*y+mal *

And becaufe Dn=2=/+4 %ﬁ, if we f{ubftitute thefe

values of # and 2, in the above general equation,
8 the
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the line of the fection BP will appear to be of the
order 2 7.

And now, my Lord, I have given you fome ge.
neral propofitions about the various fections of this
folid, and I have thewn how lines of any order may
arife from them ; which is a new theory, and per-
haps may introduce to fomething farther. I have
other things of this fort, that relate to what I have
publithed in the Philofthical Tranfactions, Vol. 3.
in the year 1735, which I have had many years by
me, that I intend to fend you, if my health; and the
circumftances of my life, will allow me to revife
them. And in the mean time, with great refpe&,
Iam,

My Lord,

Your Lordfhip’s moft obedient
and affe@ionate fervant,

Sion College, Dec. 18, W, Brakenridge.
1759

END o Part L
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